Abstract. Quasi-symmetric 2-designs with block intersection numbers x and y, where y = x + 4 and x > 0 are considered. If D(v, b, r, k, λ; x, y) is a quasi-symmetric 2-design with above condition, then it is shown that the number of such designs is finite, whenever 3 ≤ x ≤ 68. Moreover, the non-existence of triangle free quasi-symmetric 2-designs under these parameters is obtained.
Introduction
During the last several decades quasi-symmetric 2-designs and their classification play an important role to the study of design theory see for example [6, 10, 12, 13, 15, 16, 18] . Many results have been developed in the theory of binary codes, basically on self-complementary codes, self-dual codes using such designs. The main aim of this article is to classify these designs with certain parametrical restrictions.
Before going further, we recall some of the necessary definitions and results. Let X be a finite set with v elements, called points and β be a finite family of b distinct k-subset of X , called blocks. Then the pair D = (X , β) is called a balanced incomplete block design (or 2-design) with parameters (v, b, r, k, λ), (v > k ≥ 3), if each element of X is contained in exactly r blocks, each block is of size k and any 2-subset of X is contained in exactly λ blocks. This r is also known as replication parameter.
For 0 ≤ x < k, x is known to be a block intersection number, if there exist B , B ′ ∈ β such that |B ∩B ′ | = x. A symmetric design is a 2-(v, k, λ) design such that b = λ 0 = v, r = λ 1 = k and any 2 distinct blocks intersect in λ points. Now a slight generalization in the above definition will sufficiently broaden to include all symmetric designs. That generalization has been done in Fisher's inequality by b ≥ v. Under this consideration we get 2-designs having more than one intersection number. A 2-design with exactly two intersection numbers is said to be 270 DEBASHIS GHOSH AND LAKSHMI KANTA DEY a quasi-symmetric 2-design. We denote these intersection numbers by x and y and assume to be 0 ≤ x < y < k. In this article we consider only the proper quasi-symmetric 2-designs, i.e. both the intersection numbers are positive and not equal. Examples of quasi-symmetric 2-designs which are not related to symmetric designs or affine designs are rare, therefore construction methods for such quasi-symmetric 2-designs are of great interest. However, some examples of quasi-symmetric 2-designs can be introduced through symmetric designs by adjoining some new blocks to the symmetric designs, so that it has exactly two intersection numbers λ and 0. Again if D is a multiple of a symmetric 2-(v, k, λ) design, then D is clearly a quasi-symmetric 2-design with x = λ and y = k.
Let Γ be the usual block graph associated with a quasi-symmetric 2-design D, whose vertices are the blocks of D and two distinct vertices are adjacent iff the corresponding blocks intersect in y points. In [5] , it has been shown that Γ is a strongly regular graph. For further reading, the reader may consult with [2] regarding the basic terminology of design theory and [17] related to the results on quasi-symmetric 2-designs and strongly regular graph.
Some results have been established on quasi-symmetric 2-design with x = 0 as one intersection number in [1] . In [8, 9] , it has been shown that the number of such designs is finite provided k or λ(≥ 2) is fixed. Again the quasi-symmetric 2-designs with y = λ has been studied in [7] . In [5] , several necessary conditions are obtained for the existence of a quasisymmetric 2-design with parameter set D (v, b, r, k, λ; x, y) by imposing the divisibility restrictions on y − x. It was also shown in [16] that there are finitely many such designs for y ≥ 2 and fixed block size k. Most of the recent works on quasi-symmetric 2-designs have been concentrated on the difference of the intersection numbers x and y, where y = x + 2 in [14] and [10] i.e. the difference of the intersection numbers is 2 and 3.
In this article we study proper quasi-symmetric 2-designs with intersection pair (x, y), where lower intersection number x is not necessarily zero. However, our aim is to develop the classification of proper quasi-symmetric 2-designs with the difference of intersection numbers four. The assumptions under which our work has been done are v ≥ 2k, λ > 1 and
In particular, we show that the number of such designs is 18, whenever 3 ≤ x ≤ 68.
These are listed in Table 3 . Finally in the last section, we prove that there does not exist any triangle-free quasi-symmetric 2-designs having non-zero intersection numbers with their difference four. In this paper we use the software Mathematica 8.0.1 and Maple 14 for carrying out the major mathematical calculations.
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Preliminaries
We recall here some of the results which are useful for the development of this paper. In addition to these readers can see [5, 17] . For the rest of the paper by quasi-symmetric designs we mean quasi-symmetric 2-designs. 
Lemma 3 ([17]). Let D be a quasi-symmetric design with standard parameter set (v, b, r, k, λ; x, y).
Then the following relations hold:
2 .
Lemma 4 ([16]). Let D be a quasi-symmetric design with standard parameter set (v, b, r, k, λ; x, y)
and λ > 1. Then,
Lemma 5 ([10]). Let D be a quasi-symmetric design with standard parameter set
and a is the number of blocks intersecting a given block in y points. Then, 
where Then the following inequalities hold:
Parametric characterization
In this section, we give some characterization of parameters for the proper quasi-symmetric designs with difference of intersection numbers four. We will use D to denote a proper quasisymmetric designs with intersection numbers x and y = x + 4, x > 0.
Theorem 1. Let D be a proper quasi-symmetric design with standard parameters and y = x +4,
x > 0. Then λ ≤ x + 26, provided x ≥ 69.
Proof. From the quadratic equation (2.3) we get
where
Next suppose x ≥ 69, we find out the range of λ for which ∆ < 0. Let
. We see that if we increase the value of k then the value of F 3 (k, x) decreases. For the larger values of x, we consider x = 69 + p, p ≥ 0, we get
and as above argument, we conclude F (k, x) < 0 for k ≥ 2x + 1. We will show that λF (k, x) + G(k, x) < 0 when λ ≥ x + 26. Here we calculate the case for minimum value of λ = x + 26 i.e.
. Denoting partial derivatives of E (k, x) with respect to k as before, we find E 4 (k, x) = 24(234 − 79x) < 0 for all x ≥ 3. Thus,
.
So, for p ≥ 0, E i (2x + 1, x) < 0 for all i = 1, 2, 3 and E (2x + 1, x) < 0 also. Therefore by previous argument E (2x + 1, x) ≤ E (k, x) < 0 for all k ≥ 2x + 1 and x ≥ 69. But, again for x ≥ 69 and λ ≥ x +26, ∆ < 0 -which is not considerable. So, λ is restricted to x +26 when x is greater than or equal to 69. Hence we are done.
Theorem 2. If D be a quasi-symmetric design with x ≥ 61 and λ
Proof. On substitution y = x + 4 and λ = x + p, p ≥ 8 in the quadratic equation (2.3), we carry out the following calculation. Let ∆ denote the discriminant of the quadratic equation (2.3).
To calculate the larger root, we concentrate on ∆ − (16a 1 ) 2 < 0 for certain range of x and λ.
Now we calculate
which is negative for x ≥ 11 and λ ≥ x + 8 and hence by earlier argument f 3 (k, x, p) decreases as k increases. Further computation on f i (k, x, p), i = 0, . . . , 3, we observe that all these expressions are negative when k ≥ 2x + 1, x ≥ 61 and λ ≥ x + 8. Substituting x by 61 + q and λ by 69 + p + q and k = 2x + 1 in f i (k, x, p) for i = 0, . . . , 3, we get,
Thus the right hand side of the required relation of r can be established, as 
But we already know that k < r for quasi-symmetric designs. These two conclude the equation (3.1). Table 1 .
Proof.
Assume that x ≥ 69 and λ ≥ x + 9. Again from Theorem 1, we have λ ≤ x + 26.
Now, for x = 69 + p and λ = 78 + p + q, with p ≥ 0 and 0 ≤ q ≤ 17. We get the following derivations: 
Thus L(k, x, λ) < 0 for all k ≥ 6x − 11. So, there are no such designs for x ≥ 69, λ ≥ x + 9 and Consider r = k + t , then 1 ≤ t ≤ 41 + 13q. From Lemma 4, k is a factor of r (λ − r ) i.e. k is a factor of t (x + 9 + q − t ). Let m be the resultant number when k divides t (x + 9 + q − t ). Then Table 1 .
